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Introduction

Let K be a number field, R its ring of integers.

For some classes of fields, spaces of cusp forms of weight 2 for GL(2, K)
have been computed using modular symbols.

e for some real quadratic fields,

e for some imaginary quadratic fields with small class number.
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Let K be a number field, R its ring of integers.

For some classes of fields, spaces of cusp forms of weight 2 for GL(2, K)
have been computed using modular symbols.

Modular symbols method: duality between homology and the space of cusp
forms.

Computing homology:
Over QQ: begin with tessellation of H* = H U {co} on which PSL(2,7Z)
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Introduction

Let K be a number field, R its ring of integers.

For some classes of fields, spaces of cusp forms of weight 2 for GL(2, K)
have been computed using modular symbols.

Modular symbols method: duality between homology and the space of cusp
forms.

Computing homology:
Over K imaginary quadratic field: begin with tessellation of extended
hyperbolic 3-space H3; on which GL(2, R) acts (where
Hs =C xRy ={(z,t)|z,t € C,t > 0}).
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Modular symbols method: duality between homology and the space of cusp
forms.

Computing homology:
Over K: begin with tessellation of certain completed upper half space on
which GL(2, R) acts.
vertices of the tessellation (cusps)

edges of the tessellation, which consist of certain geodesic paths
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Introduction

Let K be a number field, R its ring of integers.

For some classes of fields, spaces of cusp forms of weight 2 for GL(2, K)
have been computed using modular symbols.

Modular symbols method: duality between homology and the space of cusp
forms.

Computing homology:
Over K: begin with tessellation of certain completed upper half space on
which GL(2, R) acts.
vertices of the tessellation (cusps)

edges of the tessellation, which consist of certain geodesic paths
between cusps (Manin symbols)

The geometry is different for each number field but the theory for cusps and
Manin symbols applies to all number fields.
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Overview

Cusps and Manin symbols over Q
Cusps over Q
I'- equivalence of rational cusps
Manin symbols and I'g (V) - equivalence
Number of I'g(IN)- equivalence classes of cusps

Cusps and Manin symbols over number fields
Cusps over a number field
(a, b)-matrices
Cusp equivalence under I'
Cusp equivalence under I'g(n)
Manin symbols over number fields
Number of I'g(n)- equivalence classes of cusps
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Cusps and Manin symbols
over Q
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Cusps over Q
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Cusps over Q

By a cusp of Q we mean an element of P}(Q) = Q U {oo}.
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Cusps over Q

By a cusp of Q we mean an element of P}(Q) = Q U {oo}.

Each cusp a € P'(Q) may be represented as o = p/q, with ged(p, q) = 1.
This representation is unique up to multiplication of p and q by —1.
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Cusps over Q

By a cusp of Q we mean an element of P}(Q) = Q U {oo}.

Each cusp a € P'(Q) may be represented as o = p/q, with ged(p, q) = 1.
This representation is unique up to multiplication of p and q by —1.

The groups I' = PSL(2,7) and I'g(N), defined by

To(N) = {(CCL Z)GF:CEO(modN)}

for a positive integer /N, act on the set of cusps by linear fractional
transformations:

a b p\ ap-+bg [ a b
(0 a) ()=t o=(0a)er
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I'- equivalence of rational cusps
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I'- equivalence of rational cusps

All cusps over Q are I'- equivalent.
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I'- equivalence of rational cusps

All cusps over Q are I'- equivalent.

Let o be a cusp of Q with representative p/q. There exist r, s € Z such that

ps — qr = 1 and we can then complete the column vector (2) to a matrix

Ma:(z Z)inF,andMa-oo:p/q.

In particular, given a1, s € P1(Q) we have that (]\4042 Mojll) a1 = Q.
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I'- equivalence of rational cusps

All cusps over Q are I'- equivalent.

Let o be a cusp of Q with representative p/q. There exist r, s € Z such that

ps — qr = 1 and we can then complete the column vector (2) to a matrix

Ma:(z Z)inF,andMa-oo:p/q.

In particular, given a1, s € P1(Q) we have that (]\4042 Mojll) a1 = Q.

NOTE: We may regard the column vector (g) as the first column of a matrix in

I, and study the action of I" and its subgroups on P! (Q) via its action by left
multiplication on 1" itself.
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Manin symbols and I'q(IV) - equivalence
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Manin symbols and I'q(IV) - equivalence

Right coset representatives for I'g(N) in I":
aj by

PROPOSITION: Forj = 1,2 let M; = ( ci di
] J

) e I'. The following are

equivalent:
1. The right cosets I'o(N ) M7 and T'o(IN') My are equal.

2. c1do = cody (mod N)
3. ¢1 = uce and dy = uds (mod N), with ged(u, N) = 1.
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Manin symbols and I'q(IV) - equivalence

Right coset representatives for I'g(N) in I":
aj by

) e I'. The following are
cj dy

PROPOSITION: Forj = 1,2 let M; = (

equivalent:
1. The right cosets I'o(N ) M7 and T'o(IN') My are equal.

2. c1do = cody (mod N)
3. ¢1 = uce and dy = uds (mod N), with ged(u, N) = 1.

We define the M-symbol or Manin symbol of level N (c : d) to be an
equivalence class of a pair (¢, d) € Z? such that gcd(c, d, N) = 1, modulo
the relation:

(Cl, dl) ~ (Cz,dg) < c1do = cody (mod N)

The set of these M-symbols modulo N is PY(Z/NZ).

" June 26, 2009 Manin symbols over number fields — 7 / 31



" June 26, 2009 Manin symbols over number fields — 8 / 31



NOTE: Given an M-symbol (c : d), the integers ¢ and d are only determined
modulo NV, and we can always choose them such that gcd(c, d) = 1.
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NOTE: Given an M-symbol (c : d), the integers ¢ and d are only determined
modulo NV, and we can always choose them such that gcd(c, d) = 1.

There is a bijection:
P! (Z/NZ

) —— [ T
(c:d) o ‘CL

N)]
‘)

where a, b € Z are such that ad — bc = 1.
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NOTE: Given an M-symbol (c : d), the integers ¢ and d are only determined
modulo NV, and we can always choose them such that gcd(c, d) = 1.

There is a bijection:

(Z/NZ — [F FO(N)]
b
(e ' )

where a, b € Z are such that ad — bc = 1.

The right coset action of I' on [I" : I'g(/V)] induces an action on P (Z/NZ):

(c:d)(p . ) = (cp+dr: cq + ds)

T S
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To test I'g(IN)- equivalence:

PROPOSITION: Leta and ais be cusps with representatives p1/q1 and
p2/q2. The following are equivalent:

1. ag = M(avp) forsome M € T'o(IV).

2. q2 = uq (mod N) and ups = p1 (mod ged(q1, N)), with
ged(u, N) = 1.

3. 51q2 = s2q1 (mod gcd(q1q2, N)), where s; satisfies
pjs; = 1 (modg;).
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To test I'g(IN)- equivalence:

PROPOSITION: Leta and ais be cusps with representatives p1/q1 and
p2/q2. The following are equivalent:

1. ag = M(avp) forsome M € T'o(IV).
2. q2 = uq (mod N) and ups = p1 (mod ged(q1, N)), with

ged(u, N) = 1.
3. 5192 = s2q1 (mod gcd(q1g2, IN)), where s; satisfies
p;js;j = 1 (mod gq;).
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Number of I'g(IN)- equivalence classes of cusps
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Number of I'g(IN)- equivalence classes of cusps

Our only I'- orbit of cusps splits into a finite union of I'g(V )-sub-orbits, which
are in bijection with the set of double cosets I'g(/V)\I' /"o, where I' is the
stabilizer of oco.
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Number of I'g(IN)- equivalence classes of cusps

Our only I'- orbit of cusps splits into a finite union of I'g(V )-sub-orbits, which
are in bijection with the set of double cosets I'g (/N )\I' /', where I' is the
stabilizer of oo.

There is a bijection between M-symbols and [I" : I'q(/V)]: we only need to
consider the action of 1", on M-symbols.
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Number of I'g(IN)- equivalence classes of cusps

Our only I'- orbit of cusps splits into a finite union of I'g(V )-sub-orbits, which
are in bijection with the set of double cosets I'g (/N )\I' /', where I' is the
stabilizer of oo.

There is a bijection between M-symbols and [I" : I'q(/V)]: we only need to
consider the action of 1", on M-symbols.

We observe that M-symbols modulo N satisfy:
e (c:d)=(d:d)= ged(¢, N) = ged(c/, N)
e (c:d)=(c:d) <= d=d (modN/c)
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Number of I'g(IN)- equivalence classes of cusps

Our only I'- orbit of cusps splits into a finite union of I'g(V )-sub-orbits, which
are in bijection with the set of double cosets I'g (/N )\I' /', where I' is the
stabilizer of oo.

There is a bijection between M-symbols and [I" : I'q(/V)]: we only need to
consider the action of 1", on M-symbols.

We observe that M-symbols modulo N satisfy:
e (c:d)=(d:d)= ged(¢, N) = ged(c/, N)
e (c:d)=(c:d) <= d=d (modN/c)

and the action of 1", on M-symbols is given by:

@:d)(é T):(c:cmd)
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Algorithm: Find a set of representatives of the I'¢(/V)- equivalence classes of
rational cusps.

Loop over ¢|N:

o Set g = ged(c, N/c), and loop over d (mod g), with
ged(d, g) = 1:
o Lift d to d’ such that:
ged(e,d') =1
d' = d (mod g)
e Find a,b € Z such that ac — bd’ = 1. Output a/c.
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Algorithm: Find a set of representatives of the I'¢(/V)- equivalence classes of
rational cusps.

Loop over ¢|N:

o Set g = ged(c, N/c), and loop over d (mod g), with
ged(d, g) = 1
e Lift d to d’ such that:
ged(e,d') =1
d' = d (mod g)
Output d’/c.

The number of I'g(V) - orbits of rational cusps is:

Y o(ged(d, N/d)),

d|N

where p(n) = #(Z/nZ)*.
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Cusps and Manin symbols
over number fields
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Cusps over a nhumber field
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Cusps over a nhumber field

Let K be a number field with ring of integers R and class number h . A cusp
of K is an element of P} (K) = K U {00}

" June 26, 2009 Manin symbols over number fields — 13 / 31



Cusps over a nhumber field

Let K be a number field with ring of integers R and class number h . A cusp
of K is an element of P1(K) = K U {o0}.

For hxr = 1 we may represent cusps in the form a /b where a,b € R are
coprime. This representation is unique up to multiplication of @ and b by a unit
of R, and things will be very similar to the situation over Q.

| |
" June 26, 2009 Manin symbols over number fields — 13 / 31 '




Cusps over a nhumber field

Let K be a number field with ring of integers R and class number h . A cusp
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coprime. This representation is unique up to multiplication of @ and b by a unit
of R, and things will be very similar to the situation over Q.

In general, cusps may be represented in the form a /b with a, b € R not both
zero, but this representation is not unique.
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Cusps over a nhumber field

Let K be a number field with ring of integers R and class number h . A cusp
of K is an element of P1(K) = K U {o0}.

For hxr = 1 we may represent cusps in the form a /b where a,b € R are
coprime. This representation is unique up to multiplication of @ and b by a unit
of R, and things will be very similar to the situation over Q.

In general, cusps may be represented in the form a /b with a, b € R not both
zero, but this representation is not unique.

To each representation a = a /b we may associate the ideal (a, b) and its
class [(a, b)].
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Cusps over a nhumber field

Let K be a number field with ring of integers R and class number h . A cusp
of K is an element of P1(K) = K U {o0}.

For hxr = 1 we may represent cusps in the form a /b where a,b € R are
coprime. This representation is unique up to multiplication of @ and b by a unit
of R, and things will be very similar to the situation over Q.

In general, cusps may be represented in the form a /b with a, b € R not both
zero, but this representation is not unique.

To each representation a = a /b we may associate the ideal (a, b) and its
class [(a, b)].

Note that:
1. ifa/b=a'/b € P1(K), then [(a,b)] = [(a’,b")], but the ideals {a, b)
and (a’, b’) need not be equal,

2. given any ideal a in [{a, b)], there is a representative a’ /b’ of the cusp
a/bsuch that a = (a’, b').
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We have a natural map

R2\ {0} — P\(K)
(3) — a/b

which is I'- equivariant.
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Let " be GL(2, R). For a nonzero ideal n of R, that we call level, we have:

We have a natural map

R2\ {0} — PY(K)
() — a/b
which is I'- equivariant.

" and I'g(n) act on the set of cusps by linear fractional transformations, and on
the set of representatives () € R*\ {0} by left multiplication.
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(a, b)-matrices
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(a, b)-matrices

Given a, b nonzero ideals of R in inverse classes, we have an isomorphism of
R-modulesa®© b= R R.
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(a, b)-matrices

Given a, b nonzero ideals of R in inverse classes, we have an isomorphism of
R-modulesa®© b= R R.

An (a, b)-matrix is any matrix M in Mat(2, R) such that
(R® R)M = a ® b. We can explicitly construct such a matrix.
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(a, b)-matrices

Given a, b nonzero ideals of R in inverse classes, we have an isomorphism of
R-modulesa®© b= R R.

An (a, b)-matrix is any matrix M in Mat(2, R) such that
(R® R)M = a ® b. We can explicitly construct such a matrix.

PROPOSITION. Leta = (a1, a2), b be ideals in inverse classes, with ab = (g).

b
Then g = a1bs — asby withby,bs € b and M = ( O ) satisfies

as bo

(ROR)M =adb.

|
" June 26, 2009

|
Manin symbols over number fields — 15/ 31 '



(a, b)-matrices

Given a, b nonzero ideals of R in inverse classes, we have an isomorphism of
R-modulesa®© b= R R.

An (a, b)-matrix is any matrix M in Mat(2, R) such that
(R® R)M = a ® b. We can explicitly construct such a matrix.

PROPOSITION. Leta = (a1, a2), b be ideals in inverse classes, with ab = (g).

b
Then g = a1bs — asby withby,bs € b and M = ( O ) satisfies

a9 b2
(ROR)M =adb.

Let v be a cusp with representative a1 /a2. We may regard the column vector

(Z;) as the first column of an (a, b)-matrix, and study the action of I" and its

subgroups on the set of representatives of cusps via its action by left
multiplication on (a, b)-matrices.
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X .6 Will denote the set of all (a, b)-matrices for fixed ideals a, b in inverse
classes.
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X .6 Will denote the set of all (a, b)-matrices for fixed ideals a, b in inverse
classes.

NOTE: For a = b = R an (a, b)-matrix M, which is then characterized

by (R® R)M = R® R, isjustan element of I' (I' = GL(2, R) can be
characterized as the stabilizer of the lattice R & R).
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X .6 Will denote the set of all (a, b)-matrices for fixed ideals a, b in inverse
classes.

NOTE: For a = b = R an (a, b)-matrix M, which is then characterized
by (R® R)M = R® R, isjustan element of I' (I' = GL(2, R) can be

characterized as the stabilizer of the lattice R & R).

Define

F“’b:{(ﬁ gj)\a:,wER,yEa_lb,zeab_l,xw—yzERX}.
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X .6 Will denote the set of all (a, b)-matrices for fixed ideals a, b in inverse
classes.

NOTE: For a = b = R an (a, b)-matrix M, which is then characterized
by (R® R)M = R® R, isjustan element of I' (I' = GL(2, R) can be

characterized as the stabilizer of the lattice R & R).

Define

F“’b:{(ﬁ gj)\a:,wER,yEa_lb,zeab_l,xw—yzERX}.

Note that '*? = " when a = b.
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X .6 Will denote the set of all (a, b)-matrices for fixed ideals a, b in inverse
classes.

NOTE: For a = b = R an (a, b)-matrix M, which is then characterized
by (R® R)M = R® R, isjustan element of I' (I' = GL(2, R) can be
characterized as the stabilizer of the lattice R & R).

Define

F“’b:{(x J )\a:,wER,yEa_lb,zeab_l,xw—yzeRX}.

< w

Then:

PROPOSITION. Leta, b be two ideals (not necessarily in inverse ideal classes).
Thenfory € GL(2,K):

(a®b)y=a@ b= ycI*°

" June 26, 2009
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We need a few more definitions:

ey = {(g Z)\x,wER,yEa_lb,waRx};
Fi"b — {((1) i)\yéa_lb,wERx};

1
ey = {( g ?)\yéa“lb}.
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We need a few more definitions:

ey = {(g Z)\x,wER,yEa_lb,waRx};
Fi"b — {((1) Z)\yea_lb,weRx};

1
ey = {( g ?)\yéa“lb}.

And now we can give a description of the set X p, of (a, b)-matrices:

PROPOSITION. Let My € X be arbitrary. Then:
Xa,b = FM() = M()Fa’b,
Also, the set of (a, b)-matrices with same first column as My is MOFE"[’ , and

the set of those with same first column and determinant as My is MOFE‘:? :
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X a,6 under the action of I'g (IV ):

" June 26, 2009 Manin symbols over number fields — 18 / 31



X a,6 under the action of I'g (IV ):
ai bl )

PROPOSITION. Leta, b be ideals in inverse classes, and M = ( ao b
2 02

ay b
My = ( ' 1) any two (a, b)-matrices. The following are equivalent:

ay by
1. Mo = v My with~y € Fo(ﬂ)

2. CLIQbQ — CLQbIQ (mod Clbl‘l).

3. There exists u € R coprime to n such that
(a) uaz = al, (modan)
(b) ubs = b5 (modbn).

|
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PROPOSITION. Any of the equivalent statements of the above result also
implies:

There exist u € R coprime ton, ug € R* and 0 divisor of n such that:
(@) (az) + an = (a5) + an = ad

(b) uas = a;, (modan)
(c) upay = uaj (modon)

Conversely, if the above holds then there exists v € I'g(n) such that

1 w

— /I __
’7M1—M2—M2(0 1

) . with w € a™1b,

so that MY, is another (a, b)-matrix with same first column and determinant as
M.
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Cusp equivalence under I'
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Cusp equivalence under I'

It is easy to check that:

| |
" June 26, 2009 Manin symbols over number fields — 20 / 31 '



Cusp equivalence under I'

It is easy to check that:

1. The ideal (a, b) associated to ({ ) is T-invariant.

2. If (a,b) = (a/,b'), theny () = (Z:) for some v € T.
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Cusp equivalence under I'

It is easy to check that:

1. The ideal (a, b) associated to ({ ) is T-invariant.

2. If (a,b) = (a/,b'), theny () = (Z:) for some v € T.

PROPOSITION. There is a bijection:

N\PY(K) — CI(K)

a +— o]

where if a /b a representative of o, ] = [(a, b)].
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Cusp equivalence under I'y(n)
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Cusp equivalence under I'y(n)

Let @« = a1 /a9 be a cusp of K. We define the denominator ideal () as the
ideal (a2)/{(a1,az).The denominator ideal is independent of the choice of
representative.
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Cusp equivalence under I'y(n)

Let @« = a1 /a9 be a cusp of K. We define the denominator ideal () as the
ideal (a2)/{(a1,az).The denominator ideal is independent of the choice of
representative.

Now, to each cusp « we assign the ideal 0,(a) = 0(«) + n, a divisor of n.

" June 26, 2009 Manin symbols over number fields — 21 / 31



Cusp equivalence under I'y(n)

Let @« = a1 /a9 be a cusp of K. We define the denominator ideal () as the
ideal (a2)/{(a1,az).The denominator ideal is independent of the choice of
representative.

Now, to each cusp « we assign the ideal 0,(a) = 0(«) + n, a divisor of n.

The ideal 0, is I'g(n)- invariant.
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Cusp equivalence under I'y(n)

PROPOSITION. Let v, o be two cusps in the same ideal class. Choose
representatives o = a1 /as and o = a’ /a’, with the same ideal
a = (a1, as) = {a),al). Then the following are equivalent:

1. v(a) = & forsomey € Ty(n).
2. there existu € R coprime ton, ug € R™ and a divisor 0 of n such that:
(@) On(a) =0p(a’) =0

(b) al, = uas (mod na)
() ua} = upay (modda)
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Cusp equivalence under I'y(n)

PROPOSITION. Let v, o be two cusps in the same ideal class. Choose
representatives o = a1 /as and o = a’ /a’, with the same ideal
a = (a1, as) = {a),al). Then the following are equivalent:

1. v(a) = & forsomey € Ty(n).

2. there existu € R coprime ton, ug € R™ and a divisor 0 of n such that:
(@) On(a) =0p(a’) =0
(b) al, = uas (mod na)
() ua} = upay (modda)

In case a and n are coprime, we can replace 2 by the simpler:
2’. there existu € R coprime ton, ug € R* and a divisor 0 of n such that:

@) (a2) +n={(al) +n =70
(b) al, = uas (modn)
() ua} = ugay (modd)
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Over Q:

PROPOSITION: Letay and ais be cusps with representatives p1/q1 and
p2/qs. The following are equivalent:

1. ag = M(avp) forsome M € T'o(IN).
2. q2 = uqi (mod N) and ups = p1 (mod ged(qy, IV)), with

ged(u, N) = 1.
3. 51q2 = s2q1 (mod gcd(q1q2, N)), where s; satisfies
p;js; = 1 (mod gq;).
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COROLLARY. Let «, o be two cusps in the same ideal class. Choose
representatives o = a1 /as and o = a’ /a’, with the same ideal
a = (a1, as) = {a), al) which is coprime ton. Let b be any ideal in the

a; b
inverse class to a, and form (a, b)-matrices M = ( b ) and

a9 bg
a, U
M2 — ( all bll )
2 2

Then o and o' are 'y (n)-equivalent if and only if

1. {ag) +n={(a5) +n=20

2. there exists ug € R* such that:

a’ng = ’LL()CLQb,2 (HlOd abe)
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Manin symbols over number fields
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Manin symbols over number fields

a; b;

PROPOSITION. Lety; =
/.Y’I, ( CZ' dz

) e ' forr =1,2. Then

Fo(n)m = Fo(l‘l)’}/Q < c1do = cody (mod ‘(1).
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Manin symbols over number fields

a; b;

PROPOSITION. Lety; =
/y’l, ( CZ' dz

) e ' forr =1,2. Then

Fo(n)m = Fo(l‘l)’}/Q < c1do = cody (mod ‘(1).
The set of coprime pairs (¢, d) € R & R modulo the equivalence relation:
(Cl,dl) ~ (CQ, dg) < Cldg = Cle (mod Il)

is PL(R/n). We call its elements M-symbols or Manin symbols of level n.

" June 26, 2009 Manin symbols over number fields — 23 / 31



Manin symbols over number fields

a; b;

PROPOSITION. Lety; =
/y’l, ( Ci dz

) e ' forr =1,2. Then

Fo(n)yl = Fo(l‘l)’}/Q < c1do = cody (mod ‘(1).
The set of coprime pairs (¢, d) € R & R modulo the equivalence relation:
(Cl,dl) ~ (Cg,dg) < Cldg = Cle (modn)

is P1(R/n). We call its elements M-symbols or Manin symbols of level n.

Let a, b be ideals of R in inverse classes. We look now at the pairs that can
occur as a row of an (a, b)-matrix.
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Manin symbols over number fields

a; b;

PROPOSITION. Lety; =
/y’l, ( Ci dz

) e ' forr =1,2. Then

Fo(n)yl = Fo(l‘l)’}/Q < c1do = cody (mod ‘(1).
The set of coprime pairs (¢, d) € R & R modulo the equivalence relation:
(Cl,dl) ~ (Cg,dg) < Cldg = Cle (modn)

is P1(R/n). We call its elements M-symbols or Manin symbols of level n.

Let a, b be ideals of R in inverse classes. We look now at the pairs that can
occur as a row of an (a, b)-matrix.

PROPOSITION. Leta, b be ideals in inverse classes. A pair (a,b) € a ® b
occurs as a row of an (a, b)-matrix if and only if

aa P +bb =R
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More generally: An M-symbol of level n and type (a, b) is an equivalence class
of

{(a,b) €a®b:aa™' +0b7 ' =R}/ ~
where:

(a,b) ~ (d',b) <= ab =d'b (modabn)
<= there exists u € R coprime to n such that
ua = a’  (mod an)

ub="b" (mod bn)
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More generally: An M-symbol of level n and type (a, b) is an equivalence class
of

{(a,b) ea®b: aa”t +bb 1 =R}/ ~

where, for ab coprime to n:
(a,b) ~ (d',b) < abl =d'b (modn)
<= there exists u € R coprime to n such that

ua =a’  (modn)

U0 —= modn
b=t (modn)
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More generally: An M-symbol of level n and type (a, b) is an equivalence class

of
{(a,b) €a®b:aa™' +0b7 ' =R}/ ~

where, for ab coprime to n:
(a,b) ~ (d',b) < abl =d'b (modn)
<= there exists u € R coprime to n such that

ua =a’  (modn)

U0 —= modn
b=t (modn)

Given a, b ideals in inverse classes, there are bijections:

M-symbols of level n Set of orbits Set of orbits
— —
of [g(n)\I'

and type (a, b) of ['p(n)\ Xap

}
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We have another normalization for M-symbols:

PROPOSITION. Leta, b be ideals in inverse classes, both coprime ton. Given

(a,b) € a ® b suchthataa™! + bb~! +n = R, there exist (a’,1') € a D b
such that

a' =a (modn)
b¥=b (modn)
a'a ' +067' =R

|
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Number of I'¢(n)- equivalence classes of cusps
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Number of I'¢(n)- equivalence classes of cusps

We know there are h i I'- orbits, where h i is the class number.
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Number of I'¢(n)- equivalence classes of cusps

We know there are h i I'- orbits, where h i is the class number.

Each I"-orbit splits into a finite union of I'y(n)-sub-orbits, which are in bijection
with the set of double cosets I'g(n)\I'/T',,, where « is any cusp in the orbit
and I',, is its stabilizer.
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Number of I'¢(n)- equivalence classes of cusps

We know there are h i I'- orbits, where h i is the class number.

Each I"-orbit splits into a finite union of I'y(n)-sub-orbits, which are in bijection
with the set of double cosets I'g(n)\I'/T',,, where « is any cusp in the orbit
and I',, is its stabilizer.

Using (a, b)-matrices. Fix an ideal class, and let a be an ideal in this class,
and b an ideal in the inverse class.
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Number of I'¢(n)- equivalence classes of cusps

We know there are h i I'- orbits, where h i is the class number.

Each I"-orbit splits into a finite union of I'y(n)-sub-orbits, which are in bijection
with the set of double cosets I'g(n)\I'/T',,, where « is any cusp in the orbit
and I',, is its stabilizer.

Using (a, b)-matrices. Fix an ideal class, and let a be an ideal in this class,
and b an ideal in the inverse class.

NOTE: All cusps in the class have representations with associated ideal
a. In particular, all cusps in the class are of the form a = M (o), where
M is an (a, b)-matrix.
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Number of I'¢(n)- equivalence classes of cusps

We know there are h i I'- orbits, where h i is the class number.

Each I"-orbit splits into a finite union of I'y(n)-sub-orbits, which are in bijection
with the set of double cosets I'g(n)\I'/T',,, where « is any cusp in the orbit
and I',, is its stabilizer.

Using (a, b)-matrices. Fix an ideal class, and let a be an ideal in this class,
and b an ideal in the inverse class.

NOTE: All cusps in the class have representations with associated ideal
a. In particular, all cusps in the class are of the form a = M (o), where
M is an (a, b)-matrix.

The I'g(n)-sub-orbits of I'cx, are also in bijection with the double cosets
b
Lo(n)\Xap/T7
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From a double coset decomposition

['=]]Tom)vla

where {; }; is a set of representatives of I'g(n)\I' /Ty,
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From a double coset decomposition
I' = H FO(n)’YiFoz

where {; }; is a set of representatives of I'g(n)\I'/T",, we obtain a

decomposition:
Xap = [ [To(n)M;TE

with:

e M; = ~; My running through a set of representatives for
b
Lo(n)\Xgp/Tos .
e My such that a = My(o0).
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From a double coset decomposition
I' = H FO(n)’YiFoz

where {; }; is a set of representatives of I'g(n)\I'/T",, we obtain a

decomposition:
Xap = [ [To(n)M;TE

with:

e M; = ~; My running through a set of representatives for
b
Lo(n)\Xgp/Tos .
e My such that a = My(o0).

In particular, since TS’ = RXT'$°, we can take X o = ][] To(n)M;I$°.
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Since each I'-orbit splits into a finite union of I'g(n)-sub-orbits, which are in

bijection with the set of double cosets I'g(1n)\ X p/ Fi"b, we can take two
different approaches to the enumeration of the equivalence classes:
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Since each I'-orbit splits into a finite union of I'g(n)-sub-orbits, which are in

bijection with the set of double cosets I'g(1n)\ X p/ Fi"b, we can take two
different approaches to the enumeration of the equivalence classes:

e “Vertical approach”: we consider the left action of I'g(n) on Xa,b/l“i"b.
In this case we are basically looking at the action of I'g(n) on column
vectors.

e “Horizontal approach”: we consider the right action of the stabilizer FT’[’
on I'g(n)\ X p. Since there is a bijection between I'g(n)\ X p and the

set of M-symbols (¢ : d), we are basically looking at the action of Fi"b on
row vectors.
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PROPOSITION. Each T'-orbit in P! (K) splits into 3, ¢ou(d +1d~1) disjoint
['o(n)-orbits, with
pu(m) = #((R/m)” /Un)

where Uy, denotes the image of R* in (R/m)*.
Hence the total number of I'y(n)-orbits of cusps is:

hi > pu(d+m07h).

o|n
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PROPOSITION. Each T'-orbit in P! (K) splits into 3, ¢ou(d +1d~1) disjoint
['o(n)-orbits, with
pu(m) = #((R/m)” /Un)

where Uy, denotes the image of R* in (R/m)*.
Hence the total number of I'y(n)-orbits of cusps is:

hi > pu(d+m07h).

oln

From the proof of the theorem (choosing the "horizontal approach”), we obtain
the following algorithm to enumerate a set of representatives for I'g(V)-
equivalence classes.
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Algorithm: Obtaining a set of representatives for I'g(n)- equivalence classes.
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Algorithm: Obtaining a set of representatives for I'g(n)- equivalence classes.

Compute a list of representatives a, with a coprime to n, for each ideal class in
K. For each a, fix b in the inverse class to a, coprime to na.
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Algorithm: Obtaining a set of representatives for I'g(n)- equivalence classes.

Loop over 0|n:
1. Find 9’ coprime to nb in inverse class to da.
2. Find a such that 9'0a = (a)

3. Loop through representatives of cosets in (R/ (2 4+ 1/2))™ /Uyyn/o-

For each representative x:

(a) Lift our representative x to a solution b coprime to a and such that
beb:

R/ (0+m071))" /Usinso

—
bl—>:1:

(R/(a)

/ /
(b) Complete the pair (a, b) to an (a, b)-matrix ( C; bb )

Output the cusp a’/a.
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Computing cusps and M-symbols over humber fields in Sage
(work in progress...)
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