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Introduction



Statement of the problem

Given K=Q(¢#), F(x) =Irr(¢,K, Q), n=degF

determine wy,..., w

n

such that Z,=7< w,,..., w,>.

n

Example: K=Q(1), 7= 7<1,1>




Main problems of computational
algebraic number theory

4.9.3 Conclusion: the Main Computational Tasks of Algebraic
Number Theory

From the preceding definitions and results, it can be seen that the main com-
putational problems for a number field K = Q(f) are the following:

(1) Compute an integral basis of Zg, determine the decomposition of prime
numbers in Zg and p-adic valuations for given ideals or elements.
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Note that these two problems are not completely equivalent, since for
many applications, only the approximate value of the real number R(K)
is desired. In most cases, by the Brauer-Siegel theorem, the fundamental
units are too large even to write down, at least in a naive manner (see
Section 5.8.3 for a representation which avoids this problem).

(4) Compute the class number and the structure of the class group CIl(K). It
is essentially impossible to do this without also computing the regulator.

(5) Given an ideal of Zg, determine whether or not it is principal, and if it
is, compute « € K such that I = aZg.

H. Cohen
A course in Computational Algebraic Number Theory, GTM 138




It is not that easy!
K=Q(i)

F(X) =2+ 210000310000

hardnesss

Index f:=[Z:Z[0]]

Disc(F(x))=Disc(K) -f?

F(x)=x10000+,,, 29941 - We must factor Disc(F(x))




Think Globally Act Locally!

 For every p| Disc(F(x)):
Compute a triangular p-integral basis of K,
l.e.aZ, -basis of 7,7

1 Glue all the local bases
(with Chinese remainder theorem).




Ancient history

v

Kummer-Dedekind =———> Factor mod p

Bauer-Ore ————> Newton polygons

v

Zassenhaus’ Round 2 ———> Enlarge p -radicals

v

Zassenhaus’ Round 4 ——> p-adic Hensel lifting

4

(MAGMA, MAPLE, KANT)




Modern history

» Montes-Nart (99) =———> Higher Newton polygons for
prime ideal decomposition

» Ford-Pauli-Roblot (02) =» Improved Round 4

(PARI, SAGE)

» GMN (09) =2 Extended use of higher
Newton polygons




Some commercials




Graphical description

Round 2 %-

Round 4

FPR

Montes



Change your mind!

Round 2, Round 4, FPR

p-integral basis of 7,
Montes

Buchman-Lenstra




Main properties of Montes a/gorithm

d Based on higher Newton polygons
a No Hensel lifting nor p-adic factorization required
O Main task: factorization of polynomials over finite fields

0 Computes maximal order, index and prime
ideal factorization

ULow memory-requirements

Q Excellent (heuristic) running time

d The computation of maximal orders relies on a conjecture
that it is proven only in some cases, but:
Q It checks the validity of the result by itself
(with no extra cost)
O We have made thousands of tests, with no fail.




The Montes package

(Google: “Montes Algorithm”)
d Implemented in Magma

A Includes routines to
0 Compute p-maximal orders

0 Compute p-index

Q Factor pZgformally (ramification indices and residuals degrees)
Q Factor pZg completely (generators of the prime ideals)

d Compute global maximal orders

A Build examples of polynomials of arbitrary order

A Use it for your big polynomials and/or send them to us.



http://www.ma4.upc.edu/~guardia/MontesAlgorithm.html

Some examples

Magma V2.11-10 (09:54) gp > allocatemem()
Type 2 for help. #%% pllocatemem: Warning: doubkling stack size; new stack = 32788000000 (31250.
» Attach("montes, 000 Mbytes).

3 *%% gpllocatemem: Warning: not enough memory, new stack 16384000000.
» Z:=Integers();| (09:324) gp > %

> IX<x>:=Polynomi timer = 1 ({on)

o (09:54) gp > f=x"~B004+2~50*x~a00+2~100%*x~4004+2~200;
> pol:=x~32+16; ||time = 0 ms.

= (09:54) gp >

> Factorization([] (99:54) gp > d=poldisc(i);

[ €2, 284> ] Lime = 3,292 ms.

% (09:54) gp >

o (09:54) gp > v=valuation(d,2):

> time OK:=Maxiy time = 0 ms.

Time: 3.180 (09:34) gp >

> (09:54) gp > vi=valuation(d,257);

» time = 4 ms.

>  time basis,ing (09:34) ap >

Time: 0.010 (09:54) gp > vi=valuation{d,5)r

. time = 0 m3.

. (09:54) gp >

» time basis,inﬂfn:{ﬂg:54? gp > ZE=nfbasis(f,,[2,vs 257,v3; 5,v3]):

Time: 10&.140

time = 2h, 10mm, 17,388 ms.
(12:05) gp >




Some bIQQEr examples

(M = —|— 4 + 16;
(ho = ()1 + 16201 + 1024
(hg = <>2 + 210 + 218201
by = <;3 + 225203 + 23001 o
(s = <'}'4 + 9229 c:u' 4+ 218940 1 91834,
g = ()r 21410 s + 22’9
(e = r:,; + 29984, 4 91003,
(g = <,-‘5% + 215(’5((;13'5 + 216?}(.’5151_
dg = &2+ (((2°%3 (xvdg + 2Bw)dg + 219 (wag + 21 aw)) o2+

2T (2( o + 270) b3 + 2% (upy + 27 (udy + 64)))da+
¢; | degd; | ind(¢;) | 2-basis | 2-stem | PARI2.3.4 | MAGMA2.11 | SAGE 3.2.3
Do 4 12 0.00 0.01 0.00 0.01 0.01
O3 8 72 0.00 0.01 0.004 0.02 0.01
ha 16 352 0.00 0.02 0.016 4.67 0.05
o5 48 3696 0.03 0.6 2.4 42747 4.06
Dg 96 15408 0.08 0.38 101 > T2h 196
b7 288 | 142416 0.97 16 47157 > T2h 119047
s 576 | 5HT73696 6.8 M > T2h > T2h > T2h
g 1152 | 2303520 34.5 M > T2h > T2h > T2h

T




Some tables (I):
fk(X):=( x2+ x+1)2-p%+1 p=1(mod 3)

| p | ind(f*) | p-stem | PARI2.3.4 | MAGMA 2.11 | SAGE 3.2.3 |

i 1000 0.41 2.14 0.89 2.4

7 2000 1.14 15.03 3.35 16.4

D Sma” deg ree 7 4000 4.02 111.7 15.6 121
7 2000 18.9 47 84.6 841

7 16000 105 B5T: 486 6374

. : 7 20000 18T 11520 859 12242

D Med/um Index 13 1000 0.5 3.8 1.37 4.4
13 2000 1.5 27.4 5.16 30.7

D Lafge Coefﬂ C | ents 13 10000 53.7 2585 231 3071
19 10000 65.7 3444 284 4213

31 10000 86.5 4741 364 6000

a7 10000 93.7 5238 395 6715

43 10000 100.6 5689 422 7370

103 10000 140 9120 596 11913

1009 1000 0.99 27.9 3.65 37

1009 2000 4.49 189 19.6 266.2

1009 4000 24.5 1380 112 2032

109+ 9 1000 3.04 188 23.2 519

109 +9 2000 229 1409 133 4085

4000 139 10608 763 42790

100 1.50 12.4 5.61 165

200 4.14 88.5 30.1 1322

400 14.3 GRS 167 10802




Some tables (II): Random tests

p=2
Order | Tests | Mean Degree | Mean Index | Mean Time
3| 1800 65 6735 1.065
4 | 5054 117 26774 3.936
5| 300 172 67411 19.605
1 <p<1024

Order | Tests | Mean Degree | Mean Index | Mean Time

1| 20000 T 34 0.002

2 | 10000 25 7T ().151

3 | 6000 65 6605 4.09




t = {Pp1(x), S1, P2(x), 52, -, P (%), S, Yr (V) }
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Zur allgemeinen Theorie der algebraischen. GroBen,
Von Herrn Michael Bauer in Budapest.

§ L
1. Es sei die Gleichung
(L) e et g e, =0
gegehen, deren Koeffizienten rationale ganze Grifen irgend eines holoiden
Bereiches [(A), 2y, &, ... ,] bezw. [[1], &, &,... x,] sind.*) Es sei ferner I
‘eine rationale PrimgroBe des Bereiches; w eine Wurzel der Gleichung (I.),

die den Gattungsbereich (I") bestimmt. Es sollen in bezug auf den Gattungs-
bereich die Zerlegungen

P=55 Pr ... P,
o= P B D, (BD)=1

bestehen, wo $, ein Primideal, die Zahl ¢, eine positive und die Zahl «; eine
nicht negative rationale ganze Zahl bedeuten.

@)




Kummer-Dedekind’s criterion

f(x):=Irr(6,K,Q)

f(x) =P1(x)r Yy (x)° (mod p) —> pZkg = a; - ay

lifting
Pr(x) € Fplx] > Pi(x) € Z|x]

=1 ordpt(f—¢{* N /p —=ap= pk

Pr = (P: ff»‘k(g)): e(pr/p) = ex, [f(pr/p) = degyy

1,6,..,6™1 p-integral basis of K



Bauer-Ore: Newton polygon (l)

v (Z a; xi) = miin{vp(ai)}
d(x) € Z|x] monic and irreducible mod p
FOO = ) ai(x) p)

N4 (f) = principal part of the lower convex
envelope of {(i, v(ai(x))} i

________________________________________




Bauer-Ore: Newton polygon (Il)

f(x):=1Irr(6,K,Q) escaping Dedekind’s criterion

Fix Y=Y, ay=ay ¢= P (x)

Ny (f) = i+ +5,




Bauer-Ore: Residual polynomial

A=—h/e slope
d=1/e =H/h degree

@ (Lu;) € S =p-ia;(x)
W | o
bs’%“ Rs(f)(y):= Z (a;(:f))yi%s € Fyly]
JL” (i,u;)es

Rs(f)) =yY1(¥)r Yy (¥)9 ——bs=1¢;-¢4

e, =1 —= ¢, = v, e(pr/p) =¢e [f(Pr/p) =mdegyy




p-Integral basis in order 1

| 0= £(6) = ($(8) ™ + -+ 0,(8) ) p(6) +ay—1 ()§(8)* ™ + -+ o (6)
\ e

qx (%) v, () = my

p—integral basis of K:

{qj(g)gk

oy :1Sj£l,0'*_<k<deg¢}

¢




Theoretical background

Theorem of the product:

Ny (fg) = Ng(f) + Ny (9)
Rs(f9)(y) = Rs(f)(W)Rs(9)(y)

Theorem of the polygon

p-adic reciprocals

Theorem of the residual
polynomial




Generalizing the lifting

Proposition: Given
¢(x) € Z|x],S,¥(y) € Fgly]
we can easily compute a monic irreducible
polynomial g ¢ 71, Wwith

Ny(F)=S  Rs(F)(y) =cy(y)

F Is a representative of the order one type t = {¢, S, ¢}
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2. Higher Newton Polygons
(Montes)




Outline

» Higher order types
» Higher valuations
» Higher Newton polygons
» Generalized theorems:
- of the product
- of the polygon
- of the residual polynomial
» Finiteness results: control of the
index

__ Recursive definitions and proofs!




Higher order types

A type of order r is
t = {h1(%), 51, P2(x%), 52, -, Or (%), Sr, V1 (V) }

where
¢, (x) € Z|x] monic, ¢, (x) irred. mod p

Nqifk(qbkﬂ) = S side with slope A,,: = —h;, /e,
Ve (y) = CREk(¢k+1)(Y) eFelylo<k<r-—1

monic and irreducible

Yo(¥):= ¢1(y) modp

Fo =T,  Fry1=Fe(zx) ¥Yi(z)=0.
-(y) € F..|y]| monic,irreducible, free

A /. NN
X0 o0
W\ U\
A o




General “lifting”

Theorem: Given any type t, we can effectively construct
a monic irreducible polynomial ¢,,,€Z[x] such that:

Ncgk(qbr+1) = Sk, 1<k<r
RE ($rs1)¥) = CRE (1)) 0<k <7 —1

RS (dr41)(Y) = c Y (¥)
t = {Pp1(X), 51, P2(x), 52, -, P (%), S, Yr- (V) }

'r+1 {()bl (JC) Slr (pZ (JC) SZ! et qbr(x)isrr ¢r+1(x)!ST+1: w‘r+1 (y)}

¢, .1 is arepresentative of t.



Higher valuations

(9 (Z a;(x) c;br(x)i) = ermiin{vr(ai ()P (x)") + -':HrD}

Vr+1(P)/er

v,4+1 extends v with index e, --- e,




Higher Newton polygons

[tr ? ¢’r+1

FOO = ) () raa(x)

r+1

Ny o (f) = principal part of the lower

convex envelope of {(i, vr+1(ai (x)¢r+1(x)i)} i

or(f)]




Higher residual polynomials

Definition:
The residual polynomial in order r+1 attached to S is:

R§+1(f)(y) =Cs + Copeyt -t CS+(d—1)eyd_1 + Cs+deyd

c; = z," VR (a,(x)) () € F,




Higher order theorems

» Theorems of the product, of the polygon, of the residual
polynomial:

vt VS € N (Irr(6, K, Q))
WIRE (Irr(6, K, @) (v) irred. > ay [Py

> If ¥ has exponent 1, then Gy = Dfp (t.is complete)
- Otherwise, S ., =S§,1,,, =1 originate an extension
of ¢, :

[tr — {le (.X'),Sl, ¢'2 (.X'),Sz, et Qbr(.X'),Sr, lpr(y)}

[t‘r+1 — {(;bl (X), Sl? (;bZ (x)?52? et (;br(x)? S‘r? (;br+1(x)?5?‘+11 lab?"+1 (y)}




Types attached to a polynomial

f(x)modp Sir

Sg,l
Vg <
S

snenmnlp L.
» Every complete type t determines a prime factor®t
of pZ,-

» Every prime p comes from a type.




Finiteness: Theorem of the index (I)

Ind(N):= number of points of integral coordinates “below” N.

L
ind(N)=25
Y S BN )
0 ‘I3 8
t, —emmmnnns indy, (F) = fo - frind (NP2 (F))

ind,.. ,(F): = Z ind, (F)

tyrety(F)




Finiteness: Theorem of the index ()

Theorem of the index
Let f €Z[x] be a monic and separable polynomial.
a) vy(ind(f)) =ind,(f)+..4ind(f), r=1.

b) Equality holds if and only if ind.,,( f)=0.




p-Integral basis in order r

[tr — {¢'1 (x)?S:L: ¢'2(x)152: L Qbr(JC),ST, lpr(y)} Complete

Compute a representative ¢,.., of t.

f(x) = Q(x)pri1(x) + a(x)
B {Q (Q)QTJT(Q)Qle(Q)HjD}
' JorJ 1, Jr

pmjn,h ----- Jr

Conjecture: U B; is a p —integral basis of K.

Proven when: max{r: t,.} =1 or card{t,} = 1.

Test:

(md(f)) [ {B{t}[t]]



Complexity issues



What about the order of types?

» The running time of the algorithm is determined by the
highest order of the involved types.

» The enlargement of a type is somewhat arbitrary, but

Montes has designed a refinement process to :

> 1. Eat as much index as possible in every order
o 2. Assure that “e,f,’>1” grows in every order.

Z 1_[ erfre =degf = max{r: t.} <log,degf
T k=1

» The number of types and its length should be related to
the Galoisian structure of K.




Help. | need somebody
(J. Lennon)




To do:

» Detailed analysis of the complexity of the
algorithm

» Improvement of the diagonalization process
(specific Grobner basis computation).

» Implementation in Sage (requires
factorization of polynomial over relative
extensions of finite fields).




