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A Story

One of my passions are

crystal bases which provide a combinatorial tool to study
algebraic/geometric structures such as

quantum groups

affine Schubert calculus

symmetric functions

representation theory

Combinatorics lends itself to computational analysis!
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Crystals
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Axiomatic Crystals

A Uq(g)-crystal is a nonempty set B with maps

wt ∶ B → P
ei , fi ∶ B → B ∪ {∅} for all i ∈ I

satisfying

fi(b) = b′⇔ ei(b′) = b if b, b′ ∈ B
wt(fi(b)) = wt(b) − αi if fi(b) ∈ B
⟨hi , wt(b)⟩ = ϕi(b) − εi(b)

Write -b b’ir r for b′ = fi(b)
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Tensor products of crystals

B(Λ1) ⊗B(Λ1 +Λ2)
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Tensor products

Definition

B ,B ′ crystals

B ⊗B ′ is B ×B ′ as sets with

wt(b ⊗ b′) = wt(b) +wt(b′)

fi(b ⊗ b′) =
⎧⎪⎪⎨⎪⎪⎩

fi(b) ⊗ b′ if εi(b) ≥ ϕi(b′)
b ⊗ fi(b′) otherwise

b ⊗ b′

− − −
²
ϕi(b)

+ + ++
´¹¹¹¹¹¹¸¹¹¹¹¹¹¶
εi(b′)
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Littlewood-Richardson rule in terms of crystals

V (λ) ⊗V (µ) ≅⊕
ν

cνλµV (ν)

cνλµ = LR coefficient

Theorem (Kashiwara-Nakashima)

cνλµ is the number of highest weight vectors in B(λ) ⊗B(µ) of
weight ν.
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Demazure crystals

Littelmann conjectured/ Kashiwara proved that there is a subset
Bw(Λ) (Demazure crystal) of B(Λ) s.t.

∑
b∈Bw (Λ)

b = Di1⋯Di`uΛ

where

1 i1 . . . i` is a reduced word of w
2

Dib =
⎧⎪⎪⎨⎪⎪⎩

∑0≤k≤⟨hi ,wt(b)⟩ f k
i b if ⟨hi ,wt(b)⟩ ≥ 0

−∑1≤k<−⟨hi ,wt(b)⟩ ek
i b if ⟨hi ,wt(b)⟩ < 0.

Corollary

χ(Bw(Λ)) is the Demazure character.



8/15

Crystals Rogers–Ramanujan identities Sage

Demazure crystals

Littelmann conjectured/ Kashiwara proved that there is a subset
Bw(Λ) (Demazure crystal) of B(Λ) s.t.

∑
b∈Bw (Λ)

b = Di1⋯Di`uΛ

where

1 i1 . . . i` is a reduced word of w
2

Dib =
⎧⎪⎪⎨⎪⎪⎩

∑0≤k≤⟨hi ,wt(b)⟩ f k
i b if ⟨hi ,wt(b)⟩ ≥ 0

−∑1≤k<−⟨hi ,wt(b)⟩ ek
i b if ⟨hi ,wt(b)⟩ < 0.

Corollary

χ(Bw(Λ)) is the Demazure character.



9/15

Crystals Rogers–Ramanujan identities Sage

Demazure crystals
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Bs2s1(ω1 + ω2) Demazure crystal
vertices given by {f a

2 f b
1 (uω1+ω2) ∣ a, b ≥ 0}
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Sage Days 7 at IPAM in 2008

with Nicolas Thiéry Dan Bump
started porting crystal code to uses crystals in number theory
Sage
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Moral of the Story ...

End/beginning of the Story ...

Semester long program at ICERM on
Automorphic Forms, Combinatorial Representation
Theory and Multiple Dirichlet Series, Spring 2013

Thematic Tutorial

http://icerm.brown.edu/sp-s13
http://icerm.brown.edu/sp-s13
http://www.sagemath.org/doc/thematic_tutorials/lie.html
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Rogers–Ramanujan identitites
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Generalized Rogers–Ramanujan identities and crystals

Configurations
      Rigged

Solvable Lattice
       Models

Highest Weight
    Crystals

Ansatz
 Bethe

     Bijection

CTM

1988 Identity for Kostka polynomials Kerov, Kirillov, Reshetikhin
2001 X =M conjecture of HKOTTY

↝ Kirillov–Reshetikhin (KR) crystals
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Sage

Sage’s mission: Creating a viable free open source alternative
to MagmaTM, MapleTM, MathematicaTM, and MatlabTM.

free

open source

anyone can contribute!

Design: Sage is build around Python (general-purpose
programming language)
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Sage

History:

Sage project began by William Stein in 2005
SAGE=“Software for Arithmetic Geometry Experimentation”

Quickly expanded beyond number theory; attracted more
users, developers, funding

sagenb.org now has over 90,000 accounts

Sage-combinat: “To improve the open source mathematical
system Sage as an extensible toolbox for computer
exploration in (algebraic) combinatorics, and foster code
sharing between researchers in this area.”

Try it!

Use Sage online http://sagenb.org

Install Sage http://sagemath.org
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