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» lwasawa theory is a collection of techniques developed since
the 1950s to the study the behaviour of certain arithmetic
groups (such as ideal class groups) in towers of number fields.

» The topic is named in honour of Japanese mathematician
Kenkichi lwasawa (1917-1998), who initiated the study for
class groups of number fields. lwasawa's seminal construction
of p-adic L-functions as characteristic polynomials of
Frobenius of cyclotomic extensions was inspired by Weil's
theory of zeta functions of algebraic curves over finite fields.
Weil in fact anticipated this idea himself, as seen in written
correspondence to Borel in 1941.

» Most of what we understand today about the behaviour of
class groups or Mordell-Weil ranks in towers of number fields
(and even the conjecture of Birch-Swinnerton-Dyer) has come
about through these so-called Iwasawa theoretic techniques.
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The (cyclotomic) p-invariant and class numbers

» Iwasawa conjectured that u = 0 for cyclotomic extensions
(i.e. for Foo € U,>0 Fo(¢pn)). His conjecture was based on
calculations for primes p < 4000 in the case of Fy = Q.

» This conjecture has been proven for Fy abelian by a landmark
theorem of Ferrero-Washington, and later by Sinnott using a
different method. The general case remains open.

» One implication of this type of result is the following
well-known estimate for p-parts of class numbers:

» Corollary
Let e, be the exponent of p dividing the class number of the
cyclotomic field Q((pn+1) (P > 2). Then, there exist integers A > 0
and v such that for all sufficiently large n, e, = An+ v.
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» Suppose that G is a profinite group (such as Zg for d > 1),
and that O is a complete local ring (such as Z,).

» The O-lwasawa algebra of G, often denoted A = Ap(G) or
O[[G]], is the profinite limit over open normal subgroups

A = Ao(6) = O[[6]] = lim O[G/U].
UcG

» If G is abelian (and finitely generated), then the elements of
this A = Ap(G) can be viewed in a natural way as O-valued
measures on G.

» Suppose that G ~ Zg for d > 1. Fix a system of topological
generators (7;,)%_; of G. We then have an isomorphism

@IAO(G)—)O[[Tl,...,Td]], Vi — TI—|—1

for O[[T1, ..., T4]] the O-power series ring in (T;)%_;.
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> Let F = Fy be a totally real number field, p > 2 a fixed prime,
and Fo = UJ,>( Fn the cyclotomic Z,-extension of F.

» Let M., be the maximal abelian pro-p extension of F., which
is unramified outside of p, and Y = Gal(Mx/Fso).

» The group Y has the structure of a A = Az,(G)-module via
the action of G = Gal(F/F) by inner automorphisms. It can
be shown to be finitely generated and torsion as a A-module.

» A construction of Deligne-Ribet and Cassou-Nougués
(extending Kubota/Leopold) gives an element L, € A which
can be characterized as follows: Fix a topological generator
vyeG, letH=[y]-1€A andletvs: A — Z,,[y] = v°
(for u is the image of v under the canonical map
G —1+pZ, CZjand s € Z,,) be the specialization map.
Then for all integers n > 1 which satisfy n=0 mod p—1, we
have the interpolation formula vs(Lp)/vs(H) = C,(_-p)(l —n).

» Theorem (Mazur-Wiles, 1984 & Wiles, 1990; cf. Rubin 1990)
We have an equality of principal ideals (chary(Y)) = (Lp) in A.
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unramified extension of K.
» Theorem (Coates-Wiles, 1977; Yager, 1980; cf. Rubin, 1991)

We have an equality of principal ideals (chara(M)) = (Lp) in A.

» This theorem can be used to derive strong results towards the
conjecture of Birch-Swinnerton-Dyer in the rank zero case.
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derive the analytic continuation and functional equation.

Let Foo = Qoo be the cyclotomic Z,-extension of Fy = Q,
with profinite Galois group G = Gal(Fuo/Fo) ~ Zp.

A theorem of Shimura shows that there exists a complex
number Q such that £(f x x,1) = L(f x x,1)/Q is an
algebraic number for any (nontrivial) character x of G.

A construction due to Manin and Mazur-Swinnerton-Dyer
(cf. Mazur-Tate-Teitelbaum) gives an element

L, = Lp(f) € N = Az,(G) characterized uniquely by an
interpolation property of the form x(L,) = (*)L(f x x,1) for
finite-order characters x of G (for (x) some algebraic factor).
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» A deep theorem of Kato (4 Rohrlich) shows that X(E/F) is
A-torsion, and hence that we can define charp(X(E/Fx)).
Kato's argument uses the construction of what is known as an
Euler system — a certain system of compatible cohomology
classes related (via so-called explicit reciprocity laws) to the
algebraic L-values interpolated by L,(f) € A. Note however
that Kato requires Rohrlich’s theorem to deduce nontriviality,
and hence to deduce that the A-module X(E/F) is torsion.

» Theorem (Kato, 2004 + Skinner-Urban, 2014)
We have an equality of ideals (charp(X(E/Fx)) = (Lp(f)) in A.

» Corollary
E(Fw) is finitely-generated.
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Iwasawa main conjectures for p-adic representations/motives
variation in Hida families

extensions to automorphic forms on higher-rank groups

the role/theory of the L-values and Euler systems
mysterious connections to ergodic/transcendence theory

» However, many open problems remain in this setting:

>

Iwasawa's conjecture on (i (as refined by Greenberg): Does the
cyclotomic pu-invariant of a totally real number field not
containing any p-th roots of unity necessarily vanish?

Can we show main conjectures for CM abelian varieties? Or
Hilbert modular forms in cyclotomic Z,-extensions of totally
real fields? Or stronger (p-adic) Birch-Swinnerton-Dyer
results, even just for higher-rank CM elliptic curves?
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