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1 Unramified Cohomology

Suppose E' is an elliptic curve over a number field K and let p be a prime.
For any I, vector space M let dim M denote the [F, dimension of M.
Denote by ® g, the component group of E at v, and let

7= dim®p,(F,)[p].
Let HL (K, E[p]) denote the subgroup of cohomology classes that split over
an unramified extension of K, for all v. Let
Sel?)(E/K) = Sel®(E/K) NHL (K, E[p]). (1.1)
Proposition 1.1. We have
dim H., (K, E[p]) > dimSel® (E/K) > dimH. (K, E[p]) — 7,  (1.2)
Proof. Consider the exact sequence
0 — Sel? (E/K) — H. (K, E[p @Hl K¥/K,, E). (13)
By [Mil86, Prop. 3.8], HY(KY/K,, E) = H'(F,, ®g,). Because Gal(F,/F,)

is pro-cyclic, dim HY(F,, ®g,)[p] = dim®g,(F,)[p]. A dimension count
using (1.3) then implies (1.2). O

Proposition 1.2. We have

dim Sel®” (E/K) > dim Sel®(E/K)

> dim Sel® (E/K) — Zdlm@EU v) ZdlmE )/(PE(K)") N E(Ky)).
utp



Proof. We have an exact sequence

0 — Sel® (E/K) — Sel® (E/K) — @E J/(pE(K™) N E(K,)). (1.4)

For v { p the group E°(KY) is p divisible (see [AS02, §3.2]). Thus for v { p,
E(K,)/(pE(K)") N E(Ky)) € B(K)/pE(K") = gy (Fy) @ Fp.

The image of Sel® (E/K) in 5 o(Fy) ®F,, is fixed by Gal(KJ/K,), so lies
in &g ,(F,) @ Fp. Thus for vtp
A dimension count involving (1.4) then finishes the proof. O

Let £ denote the Néron model of E over O,, and let £ be the open
subscheme that reduces to the identity component mod v.

Lemma 1.3. Suppose E is an elliptic curve over K and suppose that v | p
is such that e(v) < p — 1, where e(v) is the ramification degree of v. Then

dim E(K,)/pE(K,) = [K, : Qp] + dim E(K,)[p]
< [Ky : Q) + dim E%(F,)[p] + dim @, (F,)[p]

Proof. Since e(v) < p — 1 the theory of formal groups (see e.g., [Sil92,
Thm. 6.4]) implies that there is an exact sequence

0— 0, — E(K,) — &(F,) —0.

Apply the snake lemma to multiplication by p on this sequence and using
that O, is a ring of characteristic 0 (so O,[p] = 0), we obtain the exact
sequence

0 — E(Ky)[p] = E(Fy)[p] = Ou/pOy — E(Ky)/pE(Ky) — E(Fy)/pE(Fy) — 0.

Thus

dim E(K,)[p] — dim &(F,)[p] +dim O, /pO, —dim E(f,) +dim EFy)

pE(E,) T e, =

Since dim O, /pO, = rank O, = [K,, : Q,], and for any finite abelian group
A, #A[p] = #(A/pA), this becomes

E(Ky,)

pE(K,) N

dim E(K,)[p] + [K, : Q] — dim



Since the torsion-free group O, is the kernel of reduction, E(K,)[p] C
E(Fy)[p]. thus

dim E(K,)/pE(Ky) < [Ky : Qp] + dim E(F,)[p]

By Lang’s theorem, H'(F,, &%) = 0, so 0 — E%(F,) — E(F,) — ®p,(F,) —
0 is exact, hence

dim £(F,)[p] < dim EX(F,)[p] + dim @5, (F,) [p]-
O

Theorem 1.4. Suppose E is an elliptic curve over Q and p is a good odd
non-anomalous prime that doesn’t divide any Tamagawa number of E. Then
there is an ezxact sequence

0 — Hi,(Q, Elp]) — Sel®(E/Q) — E(Q,)/(pE(QY) N E(Qy)),  (1.5)

and

dimE(Qp)/(pE(Q;r) N E(Qp)) < dimE(@p>/pE(Qp) <L
In particular dim Sel® (E/Q)/HL (Q, E[p])] < 1.

Proof. The Tamagawa number hypothesis implies that 7, = 1, so Proposi-
tion 1.1 implies that HL (Q, E[p]) = Sel¥) (E/Q), which yields the injection

of (1.5). The rest of the sequence then follows from Lemma 1.3 and the
proof of Proposition 1.2 O
2 Compare Selmer Groups via Congruences

Suppose E and F' are elliptic curves over a number field K and p is a
prime such that E[p] = F[p] as Gx-modules. This isomorphism of p-torsion
induces an isomorphism

Hy (K, Blp]) 2 Hy, (K, Fp]).

If 7, = 1, then we have a diagram with vertical inclusions

Sel®) (E/K) Sel”) (F/K) (2.1)

HL (K, Elp]) — HL (K, Fp])



Theorem 2.1. Suppose E, F are elliptic curves over Q and p is a good odd
non-anomalous prime (for both E and F') that doesn’t divide any Tamagawa
number of E or F'. Then

| dim Sel® (E/Q) — dim Sel® (F/Q)| < 1.

Proof. Theorem 1.4 implies that the image of each vertical inclusion of (2.1)
has codimension < 1. O
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