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History of the Algorithm: Round Four

Ford (1978): On the Computation of the Maximal Order in a
Dedekind Domain

Cantor, Gordon (2000): Factoring polynomials over p-adic fields

e P. (2001): Factoring polynomials over local fields
e Ford, P., Roblot (2002): A fast algorithm for polynomial factorization
over Qp
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History of the Algorithm: Montes

@ Ore (1928): Newtonsche Polygone in der Theorie der algebraischen
Korper

@ Maclane (1936): A Construction for absolute values in polynomial
rings

e Montes, Nart (1992): On a theorem of Ore

e Montes (1999): Poligonos de Newton de orden superior y aplicaciones
aritméticas

e Guardia, Montes, Nart (since 2008): Newton polygons of higher order
in algebraic number theory, ...
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Recent Developments

e Ford, Veres (2009/10): Complexity of Montes algorithm
O(N3*eu(disc ®) + N>Tep(disc ®)>T9)

e P. (2010): Factoring polynomials over local fields I

e Guardia, Nart, P. (2011): Single factor lifting for polynomials over
local fields
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Implementations

Ford (197x) in Algeb: Maximal orders of number fields

Ford, Letard (1994) in Pari: Maximal orders of number fields
Baier (1996) in KANT / Magma: Maximal orders of number fields
Guardia (2000) in Mathematica: Ideal decomposition

Roblot (2001) in Pari: Polynomial factorization over Z,

P. (2001/03) in Magma: Polynomial factorization over local fields
Guardia, Nart (2009) Ideal+ for Magma: Ideal decomposition

Sinclair (2012) in Sage: Polynomial factorization over Z,
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@ Integral Basis (splitting extensions into unramified and ramified part)
@ Two Element Certificates for Irreducibility
@ Splitting Fields

@ Prime Decomposition
o Integral Basis

o Completions



Notation

K field complete with respect to a non-archimedian valuation
Ok valuation ring of K

s uniformizing element in Ok

v exponential valuation normalized such that v(7) =1

K residue class field Ok /(7) of K with char K =p

®(x) € Ok[x] the polynomial to be factored

©(x) € Ok[x] an approximation to an irreducible factor of ®(x)
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Reducibility — Classical

Let d(x) = Z,,'V:o ;x = Hszl(x — o) € Ok[x].

Hensel's Lemma

If there is a factorization of ®(x) into coprime factors over the residue
class field K, then there is a factorization of ®(x) over Ok.

The lower convex hull of the set of points
{(,v(®)) | 0<i <N}
is the Newton polygon of ®(x).

Let v be a the slope of a segment of length n of the Newton Polygon of
®(x) then there are ji, ..., j, such that v(aj,) = v for 1 <7 < n.

Theorem

Each segment of the Newton Polygon of ®(x) corresponds to a proper
factor of ®(x).
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Approximations to an Irreducible Factor

Let d(x) € Ok|[x] be the polynomial to be factored
Let o be a root of ®(x). « is a root of an irreducible factor P(x) of ®(x).
Construct a sequence of approximations
01(x) = x, 02(x), . . ., k(x) € Oklx]
to the irreducible factor P(x) such that
v(p1(a)) <vipa(a)) < <v(p(a))

with
deg(1) | deg(p2) | -+ | deg(om) = deg(P).
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Approximations to an Irreducible Factor

Let
p1(x) = x, p2(x), ..., p(x) € Ok[x]

be a sequence of approximations to an irreducible factor of ®(x).
If deg(p¢+1) = deg(p¢) then this step is called an improvement step.
If deg(pr+1) > deg(p:) then this step is called a Montes step.

©t+1(x) is a key polynomial (MacLane). Each key polynomial, together
with the previous key polynomials yields a valuation on K[x].
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Irreducibility — Bound

Theorem

If a1,...,ay are elements of an algebraic closure of K,

d(x) = ]_[szl(x — o) € Ok[x] squarefree,

p(x) € Oklx],

N -v(p(aj)) > 2-v(disc®) forall 1 <j < N, and

the degree of any irreducible factor of ®(x) is greater than or equal to
deg ¢,

then N = deg(y) and ®(x) is irreducible over K.
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1st Iteration — Newton Polygon

v(a:) Newton Polygon of ®(x) = x" + E,I.V:T)l a;x!
’ with first segment slope —:—i, ged(hy,e1) =1

v(ao)

hi

viam)
(am) and second segment slope —f
1

O T T ®-
j €1 M N

The Newton polygon of ®(x) yields the valuations v(¢p1(a)) for ¢1(x) = x for the

., ap of ®(x) if necessary):

roots « of ®(x).
LA

Here (after reordering the roots @ = avy, . .
viop) =+ =v(am) = % and v(ams1) = - =v(an) = o
E; := e is a divisor of the ramification index of K(o;)/K (1 < i< M).

2012 13 / 30
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1st Iteration — Residual Polynomial

v(a)) Newton Polygon of ®(x) = xV + SN 1 a;x/
L with first segment slope — hl , ged(hy,e) =1
v(ap)

Newton Polygon of ®°(y) := &(By)/(8Mx¥(am))

v(am) . Where 8 € K such that g& =zt
0 i
je M N
We have ¢°(y) = &(By)/(BMr¥(am)) = Z,’-V:O a;3~Mp—v(am)yi  We set
M/el

Z ajey UM/ @)= au) 5

A,(z) € K is the residual po/ynomla/ of ®(x) with respect to the first segment.
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1st Iteration — The next ¢
Let A;(z) be the residual polynomial, so v (Al (‘pi,v(f‘)))

A(z) =p(2)" - pm(z) for some irreducible p.(z) € K (1 < i< m).

F = degg1 is a divisor of the inertia degree of K(aj) for 1< i< Fi-n
(after reordering the roots @ = a, ..., apy of ®(x) if necessary).
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1st Iteration — The next ¢
Let A;(z) be the residual polynomial, so v (Al (‘pi,v(f‘)))

A(z) =p(2)" - pm(z) for some irreducible p.(z) € K (1 < i< m).

F = degg1 is a divisor of the inertia degree of K(aj) for 1< i< Fi-n
(after reordering the roots @ = a, ..., apy of ®(x) if necessary).

As v (/)1 (Wﬁ%» > 0 for a lift p1(2) of p,(2) to Ok[x] we have

o (wmn (PED2)) > A > 2= vfr(an)

ah
Also deg (p1(pf/m™)) = E1F1 < N.

We set @o(x) := nFihip; (( 751)) ) w2(x) is irreducible.
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1st lteration — Data

v1(x) = x € Ok[x] an approximation to an irreducible factor of ®(x)

hi/el slope of a segment of the Newton polygon of ®(x) with
ged(hy, @) =1

Ei=¢ the maximum known ramification index

Ai(2) the residual polynomial with respect to ¢

p1(z) € OklZ] irreducible factor of A;(z) K; = K[x]/((p1))

F=[K: K] the maximum known inertia degree

Sebastian Pauli (UNC Greensboro) Factoring and Single Factor Lifting 2012 15 / 30



1st lteration

Let 0(x) = S 9821 pxi, that is deg(6) < deg(p2) = E1 - F1

As the valuations

h e1 —1)h
Uer(@) = va) = B, (er@)n ) = vaat) = (=D
€1 €1
are distinct (and not in Z) and
h )11 Fi—1
1Lp1()® /1™ =~1 mod (), ..., (gpl(oz)el/Tr 1) =" mod (7)

are linearly independent over Ok, we have _
h 1
v(0(a1)) = min v(b;) <el> .
i 1

For Eﬂl H € Z, we can find W(x) € K[x] such that v(V(a1)) = Eﬂl
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There are unique a;(x) € Ok[x] with deg a; < deg w2 = ny such that

O(x) = Y ail(x)(2(x))"

i>0

For each root a of ®(x) we have

®a) =) ai(a)(¢2(e)’ =0

i>0

X(y) = ai()y’

i>0

Thus

is a polynomial with root ¢a(a).

The Newton Polygon of x(y) yields the valuations of ¢,(«) for all roots « of
d(x) with v(a) = %



2nd lteration — Newton Polygon

(@) Newton Polygon of x(y) =35, ai(x)y’
\ with first segment slope —:—;, ged(hp, &) =1

v(a0(@))

Set E,f := ey/ gcd(e, E1) and Ep := E; - ESf

;
ob—
je M

The Newton polygon of ®(x) yields the valuations v(¢1(a)) for ¢1(x) = x for the
roots « of ®(x).

Here (after reordering the roots of ®(x) if necessary):

v(p(ar)) = - = v(p(am)) = &

E; is a divisor of the ramification index of K(«;)/K.
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2nd lteration — Residual Polynomial

(@) Newton Polygon of x(y) =35, ai(x)y’
\ with first segment slope —:—;, ged(hp, &) =1

v(ao(r))
Set E,f := ey/ gcd(e, E1) and Ep := E; - ESf

Newton Polygon of x"(y)

je Mo
Find M(x) € Ok[x] with v(MN(«)) = E%
We set
Ao(2) =Y aje, ()N(x)M UM/ ermerlam (@) 7]
Jj=0

A,(z) is the residual polynomial of ®(x) with respect to the first segment.
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2nd Iteration — The next ¢(x)

Let 9(x) € Ok[x] with v(2(a)) = /2. From

£+ Fy
so;(x):—wz(x)ﬂ*pz< ) Z
=0

we construct p3(x) € Ok|[x] such that
° v(p3(a) = p3(a) > v(p3(a)) and
o deg3 = B2xF> = ES Fy By Fy.
using that

J

@ r;j is congruent to a linear combination of ot /mh,
o v(p1((p1(a)®/m™)) > 0, and deg(pa(¢f' /™)) = E1Fy
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2nd Iteration — The next ¢(x)

Eh From
2

10 (% ) () a0

J

Let 12(x) € Ok[x] with v(¢2(a)) =

£+ Fy
soﬁ(x):—w(x)Ffpz( ) Z
=0

we construct p3(x) € Ok|[x] such that
° v(p3(a) = p3(a) > v(p3(a)) and
o deg3 = B2xF> = ES Fy By Fy.
using that

@ r;j is congruent to a linear combination of ot /mh,
o v(p1((¢1(e)/x™)) > 0, and deg(p1 (7' /7™)) = E1Fy

Remark
©3(x) is irreducible.

Sebastian Pauli (UNC Greensboro) Factoring and Single Factor Lifting 2012 19 / 30



Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
et 1 p1¢x, B+ 1, Fp+ 1 Ky K.
@ Repeat:
@ Find the Newton Polygon for p:(x)



Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let h;/e; be its slope.
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Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let ht/et be its slope.

Q hefec < vi(pe) B = rtey B« Ee1 - B/

Sebastian Pauli (UNC Greensboro) Factoring and Single Factor Lifting 2012

20 / 30



Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let ht/et be its slope.

o ht/et — Vq’l;(@t), E:F m Et — Et 1 E .
© Find the residual polynomial A,(y) of ®(x) with respect to ¢:(x).
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Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let ht/et be its slope.
Q hefec < vi(pe) B = rtey B« Ee1 - B/

© Find the residual polynomial A,(y) of ®(x) with respect to ¢;(x).
© Choose an irreducible factor p (y) € K,_; of A/(y).
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Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let ht/et be its slope.
Q hi/er < vi(ee), EF = m E, <+ E_,-E.

© Find the residual polynomial A,(y) of ®(x) with respect to ¢;(x).
© Choose an irreducible factor p (y) € K,_; of A/(y).

Q F« degp (y), Fe < Fe1- Fi K, + K. 1[x]/(p,)-
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Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)
ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let ht/et be its slope.

Q hefec < vi(pe) B = rtey B« Ee1 - B/

© Find the residual polynomial A,(y) of ®(x) with respect to ¢;(x).

© Choose an irreducible factor p (y) € K,_; of A/(y).

Q F «—degp (y) Fr < Fia- K, < Ko 1[X]/(p,).

Q Find ngl(XS € Ok[x] with v(pr1()) > v(pi(a)), deg i1 = EiFy.
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Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)

ot 1 1+ x, Eg+1 Fp+1 Ky+ K.
@ Repeat:
@ Find the Newton Polygon for ¢;(x)

© Choose a segment of the Newton Polygon, let ht/et be its slope.

Q hefec < vi(pe) B = rtey B« Ee1 - B/

© Find the residual polynomial A,(y) of ®(x) with respect to ¢;(x).

© Choose an irreducible factor p (y) € K,_; of A/(y).

Q F «—degp (y) Fr < Fia- K, < Ko 1[X]/(p,).

Q Find ngl(XS € Ok|[x] with v(pri1(a)) > v(pe(a)), deg wri1 = EiFy.
Q t+—t+1
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Algorithm

Input:  a monic, separable, squarefree polynomial ®(x) € Ok|[x]
Output: an irreducible factor of ®(x)

ot 1 1+ x, Eg+1 Fp+1 Ky+ K.

@ Repeat:

Find the Newton Polygon for ¢.(x)

If the length of the first segment is one, lift the factor ¢ (x)
Choose a segment of the Newton Polygon, let h;/e; be its slope.
ht/et — Vqt(@f)v E:F = m, Et — Et—l . Et+

Find the residual polynomial A,(y) of ®(x) with respect to ¢:(x).
Choose an irreducible factor p (y) € K,_; of A.(y).

Fm degp (y), Ft < Fi1- Fr K, « Kt_l[x]/(gt).

Find p:1(x) € Ok[x] with v(pri1(@)) > v(pe(@)), deg pri1 = EiFy.
Q t+t+1

©0000000
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(t — 1)-st Iteration — Data

pr—1(x) € Ok[x] an approximation to an irreducible factor of ®(x)
with deg i1 = E;_oF;_»

he—1/€e—1 a slope of the Newton Polygon for ¢;_1

Bl = ey the increase of known ramification index

Ec1=E 5 E, the maximal known ramification index

WPr_1 = T Hf;f o7 where s, € Z and 0 <'s; < E;"
with v§(¢) = EY hi1/er1

A;_1(2) the residual polynomial with respect to ;1

p, ,(2) € K[Z] an irreducible factor of A,_;(2)

K1 =KX/ ((pe-1)

Fi_1 =lem(Fi—o,[K,_; : K]) the maximum known inertia degree
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t-th Iteration — the (¢, ..., ©¢_1)-expansion

We compute the ¢(x)-expansion of ®(x) in order to find vg(p¢).

The (¢1, ..., pt—1)-expansion of the coefficients of the expansion yields
the necessary information.

Let a(x) € Ok|[x] with dega < E;—1F¢_1.

(p1,- .., pe_1)-expansion of a(x)

EL R -1 ELoF o1 EF -1
ax)= D @mix) o D B D xay
Ji—1=0 Ji—2=0 j1=0
Lemma
v(a(@) = miniszes v (G3(@) - B (a) - ¥ - g,y )
1<j;<EF
Sebastian Pauli (UNC Greensboro) Factoring and Single Factor Lifting
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1st Iteration ¢; = x

x1=® =y + 16, thus h;/e; = 1/4, E;- = 4 and E; = 4.

Residual polynomial: A; = z* + 1 = (z + 1)* € F,[z], hence F; = 1.
+

1 = 2, such that v(¢1) = V((pfl ) and deg(41) < E1F



Example: Factorization of ® = x1° 4+ 16 € Q,[x]

1st Iteration p; = x

x1=® =y +16, thus h;/e; = 1/4, E;f =4 and E; = 4.

Residual polynomial: A; = z* + 1 = (z + 1)* € F;[z], hence F; = 1.
+

iy = 2, such that v(1h;) = (" ) and deg(thy) < ErFy

2nd Iteration vy = ' — ¢y = x* — 2
& =32+ p2(32 + 2(24 + p2(8 + ¢2)))

X2 = y* +8y3 +24y? + 32y + 32, thus hy/ey =5/4, E5f =1 and E;, = 4.
Residual polynomial: A, = z* + 1 = (z + 1)* € F3[z], hence F, = 1.

s = 20y, such that (5 ) = v(p1) and deg(i2) < Ex2F
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Example: Factorization of ® = x1° 4+ 16 € Q,[x]

1st Iteration p; = x

x1=® =y +16, thus h;/e; = 1/4, E;f =4 and E; = 4.

Residual polynomial: A; = z* + 1 = (z + 1)* € F;[z], hence F; = 1.
+

iy = 2, such that v(1h;) = (" ) and deg(thy) < ErFy

2nd Iteration vy = ' — ¢y = x* — 2
& =32+ p2(32 + 2(24 + p2(8 + ¢2)))

X2 = y* +8y3 +24y? + 32y + 32, thus hy/ey =5/4, E5f =1 and E;, = 4.
Residual polynomial: A, = z* + 1 = (z + 1)* € F3[z], hence F, = 1.

.
U = 21, such that v(¥5? ) = v(¢1) and deg(tp2) < E2F»

3rd Iteration 3 = pr — 21 (x) = x* — 2x + 2

® = —64x>+96x°—32x+03(32x°— 96x*+96x — L6403 (24x°— 48X +24+p3(8x—8 + 3))).
X3 = —64x>+96x°—32x+ (32x°—96x*+96x—16)y + (24x°—48x+24)y” + (8x—8)y® + y*.
The valuations of the coefficients are 21/4, 4, 3, 3 and 0, hence h3/e; = 21/16.
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Good Approximations

Consider the p;-expanson of ®(x) =",

a;(x)pi(x). If the first segment of the

newton polygon has length one ¢;(x) is an approximation to a unique factor of

degree deg(y:). @i(x) is called a good approximation.

v(a:) Newton Polygon of x(y) = ;-0 ai(x)y’

A

with first segment of length 1 and slope v (p:(«))
V(ao)

v(a);
0 i

1
We have 0 = ¢(«)

= 3 ai(@)pi(a), s0 ar(a)ee(a) + ala) = -3 aifa

i>0

i>2
ao(a) Z,>2 ai(a )Wt( )
(e 33 = ( a(a) )

Sebastian Pauli (UNC Greensboro) Factoring and Single Factor Lifting
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Single Factor Lifting Idea

Assume the first segment of the newton polygon for ¢;(x) has length one,
then o¢(x) is an approximation to a unique factor P(x) of ®(x).
We have .

ap(«) _Ezgs as(a)pr(a)

e+~ (@)
Now
(ot B) (TN gy,

Find a7 1(x) € K[x] with a1(x)a;'(x) =1 mod p¢(x).
For ©*(x) 1= ¢r(x) + A(x) where A(x) = ag(x)a; }(x) mod p(x), with
deg A < deg vy, we get

v(p®(a)) = v(pe(a) + A(a)) > v(pi(a))

So ¢*(x) is a better approximation to the irreducible factor P(x).
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Single Factor Lifting Convergence

Theorem

Let ¢ be a good approximation to an irreducible factor P(x) of ®(x) and
let o be a root of P(x). Let ®(x) = .+, ai(x)pi(x) nbe the
pr-expansion of ®(x). Let a;*(x) € K[x] with a1(x)a;*(x) =1

mod ¢¢(x) and A(x) € Ok[x] with A(x) = ag(x)a; *(x) mod @:(x)
Then

v(pi(a) + Ala)) = 2v(pi(a)).
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Single Factor Lifting Algorithm

Input:  a good approximation ¢(x) to an irreducible factor P(x) of ®(x)
Output: a lift of p(x) to a given precision v € N

(1) a, ap + quotrem(f, ), a; < amod ¢

(2) hy < wlao) — w(ary)

(3) Find ¥ € K[x] with degV < deg ¢ and v(¥(a)) = —v(ai(e))
(4) Ag + Wag mod ¢, A; + Wa; mod ¢

(5) Find A;* € K[x] with v ((A;*A; mod ¢(a)) — 1) >0

(6) s« 1

(7)

while s < h,: (Newton inversion)

ggg ATl AN 2 — ALAT) mod
S+ 2s

8 AHAOA_1 mod ¢, ® < v + A, Cle AT
1 1 1
(9) h < 2h,

Sebastian Pauli (UNC Greensboro) Factoring and Single Factor Lifting 2012
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(10) while h < e(v — 1p): (The main loop)

(a) ¢, co « quotrem(f,®), ¢; < ¢ mod &
(b) Co < Wy mod &, G + Ve mod &
() Git« G (2- GiC ) mod &

(d) C <+ GC;* mod @

() p—d+C

(f) h<+2h

(11) return ¢

h h h
where 1jg 1= — 4+ —— 4 ... + r

€1 €162 €16




Applications

Assume that the first segment of the Newton Polygon for ¢:(x) has length

one. Let a be a root of ®(x) that corresponds to this segment.

Uniformizers

There are s, € Z and s1,...,5: € Nwith 0 < s5; < E,-Jr such that
v(M(a)) = E% for

M(x) = 77 1(x)™ - -+ - o7t € K[x].
Splitting Extensions into Unramified and Ramified Part

Let L/K be unramified of degree F; and g(y) be factor of

xn(y) = resy(®(x),y — N(x))
over L. Then

K(a) = L(N(a)) = Lyl/(g(y))
where L[y]/(g(y)) over L is totally ramified of degree E;.
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Applications

Assume that the first segment of the Newton Polygon for ¢:(x) has length
one. Let a be a root of ®(x) that corresponds to this segment and let
P(x) € Ok|[x] be the corresponding irreducible factor of ®(x).
Two Element Certificates
Thereareryr € Zand rp,...,r e Nwith 0 < r < E,.J“FI.Jr such that
[K(I(«)) : K] = F; for

M) =77 ()" - i € Kx].

M(x) and M(x) with [K([(«)) : K] = F¢ and v(M(a)) =

E are a certificate
for the irreducibility of P(x) with deg(P) = E; - F;.

Integral Basis
{r(a) 04)’]0</<Fr,O<J<E|—|}
is an integral basis of K(«).
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